We analyze the quantum mechanical equivalence of the metrics of a centrally symmetric uncharged gravitational field. We consider the static Schwarzschild metric in spherical and For the considered metrics, the second-order equations admit the existence of degenerate stationary bound states of fermions with zero energy. As a result, we prove that physically meaningful results for a quantum mechanical description of a particle interaction with a gravitational filed are independent of the choice of a solution for the centrally symmetric static gravitational field used.
Introduction
The Schwarzschild metric [1] is a well-known solution of the general relativity (GR) theory. The Schwarzschild solution is characterized by a pointlike spherically symmetric source of the gravitational field of a mass M and an "event horizon" (gravitational radius) 2 0 2 r GM c  , where G is the gravitational constant and c is the speed of light. The surface of radius 0 r is usually regarded as a coordinate singularity. From the standpoint of a distant observer, a test particle reaches the event horizon in an infinite time. For the complete or partial elimination of the coordinate singularity of the Schwarzschild metric at the event horizon, the following solutions of GR were previously obtained: the Schwarzschild metric in isotropic coordinates (S is ) [2] , the Eddington-Finkelstein (EF) metric [3] , [4] , the Painlevé-Gullstrand (PG) metric [5] , [6] , the Lemaître-Finkelstein (LF) metric [4] , [7] , and the Kruskal-Szekeres (KSz) metrics [8] , [9] . These solutions can be obtained via the coordinate transformations of the static Schwarzschild metric. After these transformations, the Schwarzschild metric in isotropic coordinates remains static, the EF and PG metrics become stationary, the LF and KSz metrics become nonstationary.
In quantum mechanics, the motion of half-spin particles in an external nonquantized gravitational fields can be described by both complex and real radial wave functions of the Dirac equation. If we use complex functions, then the radial currents of the Dirac particles are nonzero, in particular, near the event horizon 0 r . As a result, there is a "sink" of particles into the singularity at the coordinate origin 0 r  . In this case, for static metrics (Schwarzschild and Schwarzschild in isotropic coordinates) and stationary EF and PG metrics, there are quasistationary (or resonance) states of the Dirac particles with complex energies decaying in time. Such states for massive scalar particles in the Schwarzschild field were considered in [10] - [13] using the Klein-Gordon equation. A similar problem for Dirac particles was studied in [14] - [18] . The problem of quasistationary states for half-spin particles in the PG field was considered in [19] .
The situation changes qualitatively if we use real radial functions of the Dirac equation.
In this case, the radial currents of Dirac particles are zero in the whole domain of wave functions [20] . From the realness condition for the equations for the real radial functions, the domain of wave functions for the Schwarzschild metric is   0 , r  . But the radial functions are square nonintegrable as 0 rr  , and for nonzero values of the particle energy, the regime of the particle "fall" to the event horizon is realized [20] - [22] . The square integrability of wave functions near the event horizon can be restored if the fermion motion is described by second-order self-3 conjugate equations with spinor wave functions [20] . From the second-order equation, we can obtain a degenerate stationary bound state of a zero-energy massive fermion. A normalizable eigenfunction vanishing at the event horizon corresponds to this state. The effective potential of the second-order equation has a singularity at the event horizon, and this singularity admits stationary bound states of fermions.
Here, we answer the question of what happens with the degenerate eigenvalues 0 E  and with the fermion eigenfunctions under coordinate transformations of the Schwarzschild metric.
The problems discussed here do not exhaust the wide subject area of spinning-particle dynamics in gravitational fields. We just recall the recent Gravity Probe B experiment with a gyroscope on board the satellite, which confirmed the GR predictions regarding two types of precession. At the same time some fundamental questions remain unclear. Such questions include spinning-particle behavior in the region of strong gravitational fields and the existence of the bound states "collapsar + fermion". We discuss these questions in this paper.
Analysis methodology for the quantum mechanical equivalence of central symmetric solutions of GR equations

Dirac equation
Half-spin particles motion in an external gravitational field is usually described in most 
Here, m is the particle mass,  is a four-component bispinor,   is the covariant derivative, and the   are the Dirac world 4x4 matrices satisfying the relation
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where g  is the inverse metric tensor and E is the 4x4 unit matrix. Here and hereafter, quantities denoted by Greek letters take the values 0, 1, 2, and 3, quantities denoted by Latin letters take the values of 1, 2, and 3. Repeated upper and lower indices imply summation of the appropriate terms.
In what follows, along with Dirac matrices   with world indices, we use the Dirac matrices   with local indices satisfying the relation
The quantity Any set of Dirac matrices can be used for several discrete automorphisms. We restrict ourselves to the automorphism
D is called the Hermitizing matrix. The covariant derivative of the bispinor in expression (1) is
To determine the bispinor connectivities   in (4), we must choose a certain system of tetrad 
The relationship between 
Under a coordinate transformations
we have the relations ,.
xx xx
The form of the wave functions of Dirac equation (1) is unchanged under transformation (7) except the corresponding change of variables.
Two arbitrary systems of tetrad vectors in the same space-time are related by the Lorentz
The quantities
The Dirac currents of particles are conserved under Lorentz transformations.
The introduced mathematical tool provides the covariance of Dirac equation (1) both under coordinate transformations (7) and in passing from one system of tetrad vectors to another (9).
Hamiltonians of Dirac equation
The Dirac equation in the Hamiltonian form is
where 0 tx  in the left-hand side of (11) and H is the Hamiltonian operator. By virtue of expression (4) 11 .
It was shown in [23] that in the same space-time, we can pass from any system of tetrad vectors 
Any spatial tetrads satisfying the relations 0 00 ,,
can be used as the tetrad vectors H , we can obtain expressions that do not coincide with each other. In fact, these Hamiltonians are physically equivalent because they are related by the unitary matrices of spatial rotations [25] .
Hermiticity conditions for Hamiltonians and wave functions
In was shown in [23] The scalar product of wave functions with  is
The general Hermitician condition for Dirac Hamiltonians in an external gravitational
can be written as [30]  
The current components in formula (19) for the centrally symmetric fields are zero, and condition (19) can be written as 
Separation of variables
The Dirac equation with Hamiltonian (24) and wave function (23) and use the Brill -Wheeler equation [31]    
For convenience in using Eq. (27), we perform an equivalent change of the local matrices in Hamiltonian (24),
In Eqs. (26) and (27) The expression after the square root in (29) , is a two-dimensional matrix, and   
where We first square Dirac equation (25) . For the static and stationary metrics, we have (26)). We can then write the second-order equation as
We next pass in (31) from the equation for the bispinor   to the equations for the upper and lower spinors in representation (26) . For this, we must use the spinors relations in Eq. (25) .
For the second-order equation with spinor wave functions to be self-conjugate, we must perform the nonunitary similarity transformations. After the variable separation procedure, the nonunitary similarity transformation for the upper spinor in (26) is 11 . 82
The notation 
Road map for a quantum mechanical analysis of the equivalence of centrally symmetric solutions of GR equations
As a base metric, we consider the Schwarzschild solution in the coordinates
tr . All other centrally symmetric solutions to the GR equations can be obtained using appropriate coordinate transformations of the base metric.
For each metric, we obtain self-conjugate Dirac Hamiltonians with a flat scalar product of the wave functions by two methods. Using the first method, we obtain the Dirac Hamiltonians with tetrads in the Schwinger gauge (13), (14) .
With the second method, we obtain self-conjugate Hamiltonians (in the  -representation with tetrads (13) and (14)) for the transformed metrics in two steps. The first step is to transform the basic self-conjugate Schwarzschild Hamiltonian to the coordinates of the transformed metric according to expressions (7) and (8), i.e., in this case the transformed tetrads are .
The form of the wave function in (11) does not change apart from the change of variables. If the radial wave functions in (26) are real before transformation (7), then they remain real after transformations (7).
Next, if necessary, we perform the second step, which is Lorentz transformation (9), (10), (15), (16) to transform the Hamiltonian obtained in the coordinates of the transformed metric to the tetrads in the Schwinger gauge. In the second step, the currents of the Dirac particles do not change, but the form of the wave functions does change, and real radial functions can become complex.
In the final step of the transformation, we control the domain of the wave functions, currents of the Dirac particles, the Hermiticity of the Hamiltonian, and the possibility of the existence of stationary bound states of half-spin particles in using the second-order equation.
Schwarzschild metric in coordinates   , , , tr
The square of the interval is defined as 
Dirac equation
The nonzero tetrads in the Schwinger gauge H
According to relation (6), the matrices 
In ( . The components of the Dirac particle current
We perform change (28) in formulas (44) -(47).
The radial density of the current j  given by (45) for real radial functions (29)). The current density j  given by (47) is nonzero in the domain   
In formulas (49),   
then the indicial equation for system (42) leads to the solution
For the real radial functions, we can write the asymptotic forms by virtue of (50) and (51) as justifies the realization of the regime of a particle "fall" on the event horizon [21] , [22] .
Self-conjugate second-order equations with a spinor wave function
To obtain square-integrable real radial functions in the domain   
The explicit form of the effective potential eff U in (37) for the Schwarzschild field in the coordinates   , , , tr is given in Appendix A. 
The coefficient 3 32 1 8  , which according to [21] indicates the absence of the regime of a particle "fall" on the event horizon and the possibility of the existence of a stationary bound state with 0
The transformation   g  given by (33) can be written asymptotically es
As a result, in view of (49) and (52) 
Equalities (56) 
Coordinate transformations of the Dirac equation
In what follows, we consider three types of transformations: 
Schwarzschild metric in isotropic coordinates
Dirac equation
The self-conjugate Hamiltonian in the  -representation with tetrads (B. 
To write the components of the current density, we use the tetrads H We next use equivalent change (28) and apply representation (28) with the radial
We now obtain Hamiltonian (61) by directly transforming basic Hamiltonian (41) 
Eddington-Finkelstein and Painlevé-Gullstrand metrics
Eddington-Finkelstein solution
The square of the interval is given by the expression 
We next obtain the Dirac Hamiltonian in the EF field by a direct transformation of basic
Hamiltonian (41) 
Using the Lorentz transformation (9), (10), (15), and (16) 
Painlevé-Gullstrand solution
The square of the interval is given by the expression   2  2  2  2  2  2  2  0   2 sin .
The quantities   g  , The self-conjugate Hamiltonian in the  -representation with tetrads (B.11) is [19] , [25] 0
We next obtain the Dirac Hamiltonian (92) 
Using Lorentz transformation (9), (10) The transition from Hamiltonian (98) to Hamiltonian (92) with tetrads in the Schwinger gauge is performed using a Lorentz transformation (see formulas (9) , (10), (15) , and (16) 
.
The 
All the relationships (101) - (103) and (105) 
,
The function   , t R T can be determined from relations (B.14) and (B.15). By virtue of change (28) and representation (118), the components of the current density for tetrads (111) -(116) are 
j F R T F R T G R T G R T f R T i F R T G R T F R T G R T r r R T
, ,
The quantity 
The quantity The atomic system with stationary bound states of the half-spin particles can be candidates for the role of dark matter particles [20] . 
